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Mode shape-based structural damage identiﬁcation has been a research focus during the
last couple of decades. Most of the existing methods need a numerical or measured base-
line mode shape serving as a reference to identify damage, and this requirement extremely
limits the practicability of the methods. Recently, waveform fractal dimension such as
Katz’s waveform fractal dimension (KWD) has been explored and applied to mode shape
for crack identiﬁcation without a baseline requirement. In this study, different from the
popular KWD, an approximate waveform capacity dimension (AWCD) is formulated ﬁrst,
from which an AWCD-based modal abnormality algorithm (AWCD-MAA) is systematically
established. Then, the basic characteristics of AWCD-MAA on abnormality detection of
mode shapes, e.g., crack localization, crack quantiﬁcation, noise immunity, etc., are inves-
tigated based on an analytical crack model of cantilever beams using linear elastic fracture
mechanics. In particular, from the perspective of isomorphism, a mathematical solution on
the use of applying waveform fractal dimension to higher mode shapes for crack identiﬁ-
cation is originally proposed, from which the inherent deﬁciency of waveform fractal
dimension to identify crack when implemented to higher mode shapes is overcome. The
applicability and effectiveness of the AWCD-MAA is validated by an experimental program
on damage identiﬁcation of a cracked composite cantilever beam using smart piezoelectric
sensors/actuators (i.e., Piezoelectric lead–zirconate–titanate (PZT) and polyvinylidene ﬂuo-
ride (PVDF)). The proposed AWCD-MAA provides a novel, viable method for crack identiﬁ-
cation of beam-type structures without baseline requirement, and it largely expands the
scope of fractal in structural health monitoring applications.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Structural damage identiﬁcation has played an important role for ensuring safety, implementing timely repair, and
avoiding disastrous events. Damage identiﬁcation problems can be categorized into a hierarchical structure (Rytter,
1993): (1) judgment of damage presence, (2) localization of damage location, (3) quantiﬁcation of damage severity, and
(4) prediction of the remaining service ability. The interest on development of advanced damage identiﬁcation methods
is continuing to grow. Besides the visual scanning method, the localized inspection techniques (e.g., acoustic, ultrasonic,
magnetic ﬁeld, radiograph, eddy-current, etc.) are still the most frequently used damage identiﬁcation methods (Doebling
et al., 1998). The effective implementation of these methods requires not only the vicinity of the damage be a priori known. All rights reserved.
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employing these methods to identify damages due to their complexity and usual inaccessibility.
To overcome the limitations in the localized inspection methods, the global damage identiﬁcation methods, which iden-
tify damage based on the vibration characteristics of a structure, have been becoming a research focus recently. The basic
idea of the global damage identiﬁcation methods relies on the fact that the modal parameters (i.e., natural frequencies, mode
shapes, modal damping, etc.) are functions of the structural physical properties (i.e., mass, stiffness, and damping) (Farrar
and Doebling, 1997), and the changes in modal parameters are attributable to the change in physical properties. Therefore,
the modal parameters are reasonable features suitable for identifying structural damage. Of all the modal parameters, the
natural frequency is generally accepted to be of low sensitivity to structural damage while the modal damping is difﬁcult
to be accurately determined. Thus, the mode shape is essentially the most feasible quantity used to identify structural dam-
age. Many available studies demonstrated the successful applications of mode shapes in damage identiﬁcation through
numerical and experimental cases. However, mode shape-based damage identiﬁcation generally requires prior mode shape
of undamaged structure as a baseline such that damage identiﬁcation is performed by comparing the practically retrieved/
measured mode shape with the baseline (Farrar and Doebling, 1997). A primary problem encountered in practice is that the
baseline cannot be readily obtained by prior test and/or even ﬁnite element (FE) model. For instance, establishing an accurate
FE model to provide a baseline may be an expensive and time-consuming process, and particularly, it is very difﬁcult and
even impossible due to the complexity of structures and non-uniqueness in model calibration. Under such a situation, the
non-baseline or model-independent mode shape-based damage identiﬁcation methods are much in demand due to their
more practical value. It essentially poses a challenge of extracting damage feature directly from the mode shape without
the aid of baseline. The most representative method available to tackle the challenge is the Laplace operator-based sec-
ond-order differential algorithm (LO-SDA), which is often capable of extracting the singularities of mode shape without
the aid of baseline mode shape (Okafor and Dutta, 2000; Rucha and Wilde, 2006; Wang and Qiao, 2007; Wang and Qiao,
2008). The second derivative of the retrieved mode shape is usually manifested by the mode shape curvature (Morlier
et al., 2005; Lestari et al., 2007; Qiao et al., 2007a,b), strain energy mode (Sazonov et al., 2002), and modal ﬂexibility (Zhang,
2004). However, it should be noted that the LO-SDA possesses inherent drawback of considerable sensitivity to noise (Cao
and Qiao, 2008). It easily enlarges the weak noise in the original mode shape, and the enlarged noise in turn likely shadows
damage-induced singularities, resulting in ineffective damage identiﬁcation. As a result, there is a need to develop novel,
non-baseline mode shape-based damage identiﬁcation methods.
Several recent studies (Hadjileontiadis et al., 2005; Wang and Qiao, 2007; Hadjileontiadis and Douka, 2007; Qiao et al.,
2007a,b; Morlier et al., 2005) have explored the use of applying the waveform fractal dimension to establish damage feature,
from which the abnormality in the mode shapes are revealed. Of various waveform fractal dimensions (Higuchi, 1988; Katz,
1988; Normant and Tricot, 1991; Paramanathan and Uthayakumar, 2008) available, the most favorite one in damage iden-
tiﬁcation application is the well-known Katz’s waveform dimension (KWD) (Katz, 1988), which is specialized in character-
izing the complexity of a waveform. The KWD is deﬁned as:KWD ¼ log 10ðnÞ
log 10ðnÞ þ log 10ðd=LÞ ð1Þwhere n denotes the number of increments between adjacent sampling points of the concerned waveform, and d and L are
expressed as:d ¼ max½distðPi; PjÞ
L ¼ Pn1
i¼1
distðPi; Piþ1Þ
ð2Þwhere dist denotes a function measuring the Euclidian distance between two sampling points; d is the maximum distance
between the beginning point Pi and any point Pj within the concerned waveform; and L is the sum of all of the distances
between successive points, i.e., the length of the waveform. To extract damage features, a sliding window moves across
the mode shape while estimating the KWD for the regional mode shape covered by the window at each position, resulting
in a sliding-window dimension trajectory (WDT). The WDT shows the sliding-window dimensional variation along the mode
shape, and its singular elements indicate the abnormality of mode shapes and thereby reﬂect the crack in beam-type struc-
tures. Noticeably, the KWD involved in WDT is not genuine waveform fractal dimension due to its dependence on the as-
signed width of window rather than a complexity measure of regional mode shape to yield damage feature (Carlin, 2000;
Purkait and Chakravorti, 2003). In essence, such a use of KWD on mode shapes to identify structural damage is derived from
the initial use of KWD on biomedical signals, such as the electroencephalogram and electrocardiogram signals to monitor
seizure onset (Esteller et al., 1999; Esteller et al., 2001a,b; Kirlangic et al., 2001; Hadjileontiadis and Rekanos, 2003; Parama-
nathan and Uthayakumar, 2008).
The state-of-the-art development of using the KWD for damage identiﬁcation is brieﬂy reviewed as follows. Hadjileonti-
adis et al. (2005) employed the KWD to identify abnormality in the fundamental mode for crack localization and quantiﬁ-
cation of a cantilever beam, and an additional magnifying factor was adopted to proportionally magnify the y-value of mode
shape for improving the ability of WDT to quantify crack. Due to the fact that damage-induced local response is probably
easy to be captured by the higher modes (Farrar and Doebling, 1997), Wang and Qiao (2007) investigated the use of the
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the higher mode shapes other than the fundamental mode shape, some false peaks are inevitably introduced at the inﬂexions
of a higher mode shape, leading to mistaken crack identiﬁcation; moreover, they introduced an additional magnifying factor
to proportionally magnify the x-value of higher mode shapes with intention of slaking the false peaks. Since the magnifying
factor imposed in the y-value of mode shape is able to improve the ability of WDT for crack quantiﬁcation (Hadjileontiadis
et al., 2005), the magnifying factor imposed in the x-value of mode shape (Wang and Qiao, 2007) may cause a decrease in the
ability of WDT to quantify crack. Therefore, the reasonable application of KWD to higher modes for crack identiﬁcation is still
a pending problem worth further investigating.
This study aims to develop a novel non-baseline, mode shape-based crack identiﬁcation algorithm toward beam-type
structures by solving the problems in the existing KWD-based crack identiﬁcation methods. To achieve this objective, a novel
waveform fractal dimension, termed approximate waveform capacity dimension (AWCD), is formulated, from which an
AWCD-based modal abnormality-detecting algorithm (AWCD-MAA) for crack identiﬁcation is proposed. Then, the basic
characteristics of the AWCD-MAA are investigated using an analytical cracked beam model. Finally, the feasibility of the
AWCD-MAA is validated by an experimental program of crack identiﬁcation on a cracked composite cantilever beam.
The rest of this paper is organized as follows. An analytical crack model of cantilever beam with a single crack derived
from the linear elastic fracture mechanics is presented in Section 2, in which a panorama reﬂecting possible cracks is also
provided. A novel waveform fractal dimension, named the approximate waveform capacity dimension (AWCD) and an
AWCD-based modal abnormality-detecting algorithm (AWCD-MAA) for crack identiﬁcation of beam-type structures are pro-
posed in Section 3. The basic characteristics of the AWCD-MAA are thoroughly investigated in Section 4 based on the ana-
lytical crack model of cantilever beams. In particular, a mathematical solution on the use of waveform fractal dimension to
higher mode shapes is originally developed. In Section 5, an experimental program on crack identiﬁcation of a composite
cantilever beam using smart piezoelectric sensors/actuators is conducted to validate the practicability of the proposed
AWCD-MAA. Some conclusions are provided at the end of the paper.
2. Analytical crack model
An analytical crack model of cantilever beams is presented by modeling the transverse crack as a rotational spring using a
linear elastic fracture mechanics principle (Paipetis and Dimarogonas, 1986); moreover, a panorama of the crack size and
location of a cantilever beam with a single crack is established based on the vibration solution of cantilever beam given
by the analytical crack model.
2.1. Analytical cracked beam model
A cantilever beam as shown in Fig. 1(a) has dimensions of length L and uniform cross-section b  w (where b is the width
and w is the depth of the beam), involving a transverse through-width crack of depth a located at Lc away from the clamped
end. The crack is assumed to be open, and the damping is ignored. The typical Euler–Bernoulli beam theory is adopted to
analyze the vibration of cantilever beam. For vibration analysis, the cantilever beam with a crack is popularly visualized
as a rotational spring model consisting of beam segments I and II connected by the crack (see Fig. 1(b)). The governing equa-
tions for the free vibrations of segments I and II are given as:EIv
0000
1 ðx; tÞ þ qA€v1ðx; tÞ ¼ 0
EIv
0000
2 ðx; tÞ þ qA€v2ðx; tÞ ¼ 0 ð3Þwhere E and I are the modulus of elasticity of the beam and moment of inertia of the beam cross-section, respectively; and
q and A are the density and cross-section area of the beam, respectively. vi¼1;2ðx; tÞ is the transverse displacement of seg-
ments I and II, respectively; the prime and dot over vi¼1;2ðx; tÞ represent the derivatives of the transverse displacement with
respect to x and t, respectively.Fig. 1. Cracked cantilever beam model. (a) A cantilever beam with a transverse through-thickness crack. (b) A rational spring model.
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viðx; tÞ ¼ ViðxÞ sinðxtÞ for free vibration in Eq. (3) and introducing a frequency parameter k4i ¼ x2i qA=EI, the following equa-
tions only related to transverse displacement are generatedV
0000
1 ðxÞ þ k41V1ðxÞ ¼ 0
V
0000
2 ðxÞ þ k42V2ðxÞ ¼ 0 ð4ÞThe general solutions of Eq. (4) are written asV1ðxÞ ¼ A1 cos k1xþ B1 sin k1xþ C1 cosh k1xþ D1 sinh k1x
V2ðxÞ ¼ A2 cos k2xþ B2 sin k2xþ C2 cosh k2xþ D2 sinh k2x ð5Þwhere Ai, Bi, Ci, and Di, i = 1, 2, are constants to be determined by the boundary and continuity conditions, and naturally
k1 ¼ k2 due to the integrity of cracked beam.
The boundary conditions at the clamped support and free end of the cantilever beam in Fig. 1(a) are speciﬁed asat x ¼ 0 : V1ð0Þ ¼ 0;V 01ð0Þ ¼ 0
at x ¼ L : V 002ðLÞ ¼ 0;V 0002 ðLÞ ¼ 0 ð6ÞThe continuity condition at the crack of cantilever beam is speciﬁed asV1ðLcÞ ¼ V2ðLcÞ; V 001ðLcÞ ¼ V 002ðLcÞ; V 0001 ðLcÞ ¼ V 0002 ðLcÞ;
EI  V 001ðLcÞ ¼ KTðV 01ðLcÞ  V 02ðLcÞÞ
ð7Þwhere KT is the bending spring constant in the vicinity of the cracked section, and it is expressed based on the linear elastic
fracture mechanics (Paipetis and Dimarogonas, 1986) asKT ¼ 1c ; c ¼ 5:346
w
EI
Jða
w
Þ ð8Þwhere w is the depth of beam, and JðawÞ is the dimensionless local compliance function expressed as follows
JðawÞ ¼ 1:8624ðaw Þ2  3:95ðaw Þ3 þ 16:37ðaw Þ4  37:226ðaw Þ5
þ76:81ðaw Þ6  126:9ðaw Þ7 þ 172ðaw Þ8  43:97ðaw Þ9 þ 66:56ðaw Þ10 ð9ÞThe number of boundary and continuity conditions in Eqs. (6) and (7) is equal to the number of unknown constants, Ai, Bi,
Ci, and Di, i = 1, 2 in Eq. (5). Only under the occurrence of the coefﬁcient matrix vanishes, a non-trivial solution exists for the
unknown constants. The resultant characteristic equation can prompt the ﬁnal solutions of natural frequencies and mode
shape shapes of a cracked cantilever beam.
2.2. Panorama on possible cracks
Based on the above analytical crack model, free vibration of a cantilever beam with a single crack is analyzed. The
beam is in a cantilever (clamped-free) conﬁguration of length 300 mm and uniform cross-section 20 mm  20 mm; while
the crack scenarios involving different crack sizes and locations are numerically solved to construct a panorama on pos-
sible cracks. As shown in Fig. 2(a), the panorama exhibits variations of fundamental frequency over a two-dimensional
domain of crack locations varying through the length of beam and relative crack depth ranging from 2.5% to 60% of the
beam thickness. It is clear in Fig. 2(a) that the crack effect for a same crack depth, reﬂected in term of the fundamental
frequency, decreases as the crack location runs away from the clamped end; while at the same crack location, the crack
effect, as expected, increases as the crack depth augments. To assess a new damage identiﬁcation algorithm, the crack
scenarios should be created from an appropriate sub-domain of the panorama with a relatively small crack effect. Using
a rational criterion that the fundamental frequency decrease ratio (FFDR) is less than 10% (Fig. 2(b)), an appropriate sub-
domain of the panorama for constructing damage scenarios is illustrated in Fig. 3, in which the corresponding relative
crack depth is always less than 30%.
To provide a speciﬁc representation of crack effect induced only by the crack depth, a group of crack cases with relative
crack depth ranging from 5% to 50% at a step of 5% and located at 100 mm away from the clamped end are created using the
analytical cracked beam model. The corresponding ﬁeld maximum-normalized fundamental mode shapes are illustrated in
Fig. 4, in which each fundamental mode shape is formed by sampling evenly along the length of beam with the spacing of
1 mm, resulting in 301 sampling points. As shown in Fig. 4(a), a crooked corner is gradually coming into picture around the
crack location as the crack depth is increased to a more serious degree. However, the crooked corner in the fundamental dis-
Fig. 2. A panorama on possible cracks represented using fundamental frequency of a cracked cantilever beam with single crack. (a) Fundamental
frequencies generated by different crack location and depth, and (b) the corresponding fundamental frequency decrease ratio (FFDR).
Fig. 3. A sub-domain extracted from panorama in Fig. 2. (a) Fundamental frequency within the scope of the relative crack depth less than 30%, and (b) the
corresponding fundamental frequency decrease ratio (FFDR).
Fig. 4. A sequence of fundamental mode shapes of cantilever beam. (a) Mode shape of a relative crack depths ranging from 5% to 50%, and (b) a zoomed-in
local region extracted from (a) in light of relative crack depths less than 30%.
5950 P. Qiao, M. Cao / International Journal of Solids and Structures 45 (2008) 5946–5961placement is indistinguishable within the range of a relatively small relative crack depth of less than 30%. This phenomenon
is manifested in Fig. 4(b) by a zoomed-in local region of Fig. 4(a). This manifests that the fundamental displacement mode
shapes from the crack cases in Fig. 3 provide an effective platform to construct crack scenarios for the assessment of damage
identiﬁcation algorithm.
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3.1. Approximate waveform capacity dimension (AWCD)
A novel waveform fractal dimension, termed the approximate waveform capacity dimension (AWCD), is derived from the
capacity dimension (Kolmogorov, 1959) and Sevick’s waveform dimension (SWD) (Sevick, 1998). To depict the capacity
dimension and SWD, the Hausdorff dimension proposed by Hausdorff (1919), i.e., the original concept on fractal dimension,
is introduced. It is essentially a measure quantifying the extent of ﬁlling space of a set. Explicitly, the Hausdorff dimension D
on a set S is expressed as:MDðSÞ ¼ lim
e!0
inf
rk<e
X
k
rDk ð10Þwhere lime!0infrk<e
P
krk produces the optimal covering of the set S using open balls of variable radius no more than rk,
and the value of D at which MDðSÞ leaps from 1 to 0 is deﬁned as the Hausdorff dimension. It should be noticed that
the optimal covering constructed using variable-size open balls is the foundation for the generation of Hausdorff
dimension.
The capacity dimension proposed by Kolmogorov (1959) is another basic notion of fractal dimension, and it is deﬁned as
follows. Assuming that a set S is covered with identically geometrical hypercubes of side-size r approaching zero and the
minimum number of hypercubes needed to cover set S is NðrÞ and if NðrÞ is inversely proportional to 1/r as r tends towards
zero, the capacity dimension, Dc , is deﬁned asDcðSÞ ¼ lim
r!0
logðNðrÞÞ
logð1=rÞ ð11ÞIt should be noticed that the even covering constructed by using identically geometrical hypercubes of side-size r is the
foundation for generation of capacity dimension. Rigorously, there exists a natural difference between the deﬁnitions of
Hausdorff dimension and capacity dimension, which mainly consists of the dissimilar covering modes resulting in respective
mechanisms to produce fractal dimension.
Waveform is a planar data set with monotonously increased x-value, and it occurs in a variety of engineering ﬁelds, e.g.,
mechanics, medicine, chemistry, biology and so forth. Derived from the Hausdorff dimension, Sevick (1998) proposed an
algorithm of waveform fractal dimension (so-called Sevick waveform dimension (SWD)) to quantitatively characterize
waveform, and the SWD is summarized as follows. For a waveform set fXjðxi; yiÞ; i ¼ 1;2;   ng, a unit square set
fUjðui; viÞ; i ¼ 1;2;    ;ng is ﬁrst generated from X by a linear transformation:ui ¼ xi  xminxmax  xmin ; vi ¼
yi  ymin
ymax  ymin
; i ¼ 1;2; . . . ; n ð12ÞConsidering the unit square as a grid of N  N cells, (N-1) open balls of a radius e = 1/(2  (N-1)) form a minimum limit cov-
ering of unit square set U. Thus, the SWD is expressed asSWD ¼ lim
N1!1
1þ lnðLÞ þ lnð2Þ
ln½2ðN  1Þ
 
¼ 1þ lnðLÞ
ln½2ðN  1Þ ð13Þwhere L is the length of waveform. Up to now, a few studies reported the successful applications of SWD in dealing with
waveforms in different ﬁelds (Esteller et al., 2001a,b; Gnitecki and Moussavi, 2005; Liu et al., 2005).
Theoretically, the covering mode of open balls is commonly suitable for inﬁnite data points. However, a waveform mea-
sured in reality usually owns only very limited data points and determinate sampling spacing. Under this circumstance, com-
paring to the open ball covering, the covering of hypercubes proposed by Kolmogorov (1959) possesses more practicality,
effectiveness, and even rationality.
From a perspective of practicality, a modiﬁed SWD, termed the waveform capacity dimension (WCD), is constructed on
the basis of the fundamental capacity dimension. Since a waveform is a planar object, a particular hypercube, square, is sui-
ted to form the covering of waveform. As the side-size, ‘, of the squares used to cover the waveform is small enough, the
waveform of length Lmay be well covered by Nð‘Þ straight line segments with size ‘. Hence, the length of waveform is ratio-
nally approximated as L ¼ Nð‘Þ  ‘, resulting in Nð‘Þ ¼ L
‘
. Substituting Nð‘Þ and ‘ into the capacity dimension deﬁnition in Eq.
(11), a WCD is yielded asWCD ¼ lim
‘!0
logðL=‘Þ
logð1=‘Þ ¼  lim‘!0
log L log ‘
log ‘
¼ lim
‘!0
1 log L
log ‘
 
ð14ÞAs described in Sevick (1998), a linear transform is implemented as a preprocessing to generate a unit planar space wave-
form U from the original waveform X. In U, the abscissa interval is evenly divided into N  1 segments with length
‘ ¼ 1=ðN  1Þ. This makes ‘ the minimum side-size of squares used to cover U. Taking the squares of side-size
‘ ¼ 1=ðN  1Þ, the minimum number of squares needed to cover U is Nð‘Þ ¼ L=‘ ¼ L=ð1=ðN  1ÞÞ. Substituting Nð‘Þ and ‘ into
WCD as shown in Eq. (14), an approximate waveform capacity dimension (AWCD) is formulated as
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‘!0
logðL=‘Þ
logð1=‘Þ 
logðLÞ þ logðN  1Þ
logðN  1Þ ¼ 1þ
logðLÞ
logðN  1Þ ð15ÞCompared to the KWD, one apparent merit of the proposed AWCD in Eq. (15) consists of its greater efﬁciency arose from the
lower computational expense due to avoidance of acquiring d ¼ max½distðPi; PjÞ in Eq. (1), which is very beneﬁcial for devel-
oping real-time damage identiﬁcation algorithm.3.2. AWCD-based modal abnormality algorithm (AWCD-MAA)
In place of the KWD, the approximate waveform capacity dimension (AWCD) is applied to a mode shape for crack iden-
tiﬁcation, in which the aim is to establish AWCD-induced window dimension trajectory (WDT), termed AWCD-WDT. To
achieve the AWCD-WDT, a sliding window is controlled to run point by point along the mode shape. At each position, an
estimate of AWCD is yielded over the regional mode shape covered by the sliding window, and its value is assigned to
the midpoint of the window. After the sliding window runs thoroughly from the beginning to the end of the mode shape,
a pointwise AWCD-WDT is generated. The elements of AWCD-WDT offer a contrast of regularities referring to different
points of mode shape, and the singular element indicates the crack status. Thus, an AWCD-based modal abnormality algo-
rithm (AWCD-MAA) is developed to identify the crack of beam-type structures.
In the AWCD-MAA, the size of sliding window is a crucial parameter, which signiﬁcantly affects the detectability and via-
bility of the algorithm. Since the ultimate goal of the algorithm is to identify the abnormality in the mode shape rather than
to produce a precise waveform fractal dimension, the size of window is determined by the unique principle of maximizing
the detectability of AWCD-MAA. The selection of size of window is essentially an optimization issue on detectability, which
encompasses two factors: localization and smoothness of AWCD-WDT. An effective rule of thumb is to choose a smaller size
of window under a high signal-to-noise-ratio (SNR) condition in order to accurately locate abnormality, in comparison to a
little larger size of window under a low SNR condition in order to reveal abnormality by denoising.3.3. Mathematical solution for using AWCD/KWD to higher mode shapes
As aforementioned, there are some problems unsolved (Hadjileontiadis et al., 2005; Wang and Qiao, 2007) in the case of
applying the KWD to the higher mode shapes (e.g., the mode higher than the fundamental one) for crack identiﬁcation,
though the higher mode shapes generally have higher sensitivity to crack (Farrar and Doebling, 1997). Such problems are
still encountered with the proposed AWCD-MAA and are manifested by the fact that when applying the AWCD to a higher
mode shape, some false peaks may occur in the AWCD-WDT at the location of inﬂexions of the higher mode shape.
In this study, a new and fundamental strategy is proposed based on a mathematical concept of isomorphism to solve the
problem of using AWCD or KWD to the higher mode shapes. In abstract algebra, an isomorphism is a bijection f for which
both f and its inverse f1 are homomorphisms, i.e., the structure-preserving mappings. Two objects are called isomorphic if
there is an isomorphism between them. Isomorphism is studied in mathematics aiming to extend insights from one object to
its alternatives, i.e., it can be used to map the whole problems from an unfamiliar domain to a co-domain where the ‘solid
ground’ on the problems is built up. In the setting of vector space, a bijective linear mapping constitutes a linear isomor-
phism, which is able to conjugate one vector space to another with entirely structural preservation. Considering any order
mode shapes as a vector space, the linear isomorphism is able to conjugate the vector space of original mode shapes to an-
other vector space of alternative mode shapes such that the latter entirely preserves the structural property of the former.
Thus, the AWCD can be applied to the alternative mode shape for abnormality identiﬁcation with the possibility of overcom-
ing the inﬂexion-induced false peaks towards the original higher mode shape.
Under the above strategy using isomorphism, the tactics, i.e., a speciﬁc bijective linear mapping to accomplish linear iso-
morphism, can be easily developed. Suppose the vector space I consists of rth mode shapes, a linear isomorphism f : I! I,
mapping I to another vector space I consisting of alternative rth mode shapes, is formulated as:xi
yi
 
¼ 1 0
sin a cos a
 
xi
yi
 
; i ¼ 1;2; . . .n; p
2
< a <
p
2
ð16Þwhere 1 0sin a cos a
 
is a bijective linear mapping, i.e., linear isomorphism f; and ðxi; yiÞ and ðxi ; yi Þ are the vectors in vector
spaces I and I, respectively.
The linear isomorphism makes the vector spaces I and I isomorphic, i.e., they possess completely identical structural
property. Thus, I can act as an alternative of I to provide an opportunity of extended insights on the property of I. By
selecting an appropriate value of a within interval ð p2 ; p2Þ, it is easy to generate I, in which the alternative rth mode shape
effectively eliminates the adverse inﬂuence due to the inﬂexions of the original rth mode shape in I.
The above strategy resulted from isomorphism provides a fundamental platform of applying the AWCD or KWD to higher
mode shapes for crack identiﬁcation, and the strategy in conjunction with the associated tactics forms a viable mathematical
solution to the problem when employing the AWCD or KWD to the higher mode shapes for crack identiﬁcation.
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Capabilities to locate and quantify crack, immunity to noise, and applicability to higher mode shapes are considered as
basic characteristics of AWCD-MAA to be investigated using the mode shapes generated by the analytical cracked beam
model introduced in Section 2.
4.1. Crack localization
Three crack cases with relative crack depths of 10%, 20%, 30%, and located at 80 mm away from the clamped end are con-
sidered as damage scenarios, for which the AWCD-MAA is employed to identify the location of crack from the fundamental
mode shape. For the noise-free cases, a relatively smaller value of 3 (e.g., 3 mm in a 300 mm long beam) is assigned to the
size of window. The acquired AWCD-WDTs are shown in Fig. 5. It is clear that the AWCD-MAA deﬁnitely captures the crack
location for the three given crack depths.
As shown in Fig. 2, the location of crack in a cantilever beam is a variable affecting mode shape, i.e., for the same crack
depth, different crack locations exhibit different sensitivity to crack. For a same relative crack depth of 30%, a group of crack
cases are constructed according to the crack locations ranging from 25 to 250 mm at a spacing of 25 mm along the length of
the cantilever beam, plus an additional crack case of 277 mm from the clamped end. Fig. 6 shows a parallel presentation of
the AWCD-WDTs associated with these crack cases including a zoomed-in AWCD-WDT relevant to the additional crack case.
It should be noted that a distinguishable peak is observed in the zoom-in AWCD-WDT even if the crack effect is so small that
it is negligible in the FFDR plot (see Fig. 3). From Fig. 6, it is obvious that the AWCD-MAA is capable of localizing cracks, even
for a weak crack effect near the cantilever free tip end.50 100 150 200 250 300
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Fig. 5. Crack localization using AWCD-MAA for different relative crack depths of (a) 10%, (b) 20%, and (c) 30%.
Fig. 6. Illustration of the capability of AWCD-MAA to identify different locations of same-depth cracks. In particular, a zoomed-in AWCD-WDT of crack
located at 277 mm is provided to show the capability of AWCD-MAA to identify a weak crack.
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To examine the capability of AWCD-MAA to crack quantiﬁcation, the relative crack depths ranging from 5% to 50% with a
given crack location (i.e., 100 or 200 mm from the beam clamped end) are considered, and the resultant AWCD-WDTs are
shown in Fig. 7. In Fig. 7, the peak-value of AWCD-WDTs increases as the depth of crack augments, indicating that the
peak-values of AWCD-WDTs reﬂect the depths of cracks. In view of both the crack depth and crack location affecting the
peak-values, the peak-values of the AWCD-WDTs are plotted in Fig. 8 with respect to crack depth at different crack locations.
As demonstrated in Figs. 7 and 8, the AWCD-MAA has the potential to quantify the size of crack, based on the peak-values of
the AWCD-WDTs.
4.3. Noise immunity
Noise immunity is a vital characteristic to reﬂect the applicability and robustness of the AWCD-MAA in practical crack
identiﬁcation. Due to random variation of environmental noise, it is inadequate to analyze the noise immunity of the
AWCD-MAA based on speciﬁc experimental cases. Under this situation, the well-known Monte Carlo simulation is adopted
to set up an overall assessment on the noise immunity, with the aid of Laplace operator-based second-order differential algo-
rithm (LO-SDA) as a representative reference. The Monte Carlo simulation involves pseudo experiments imitating real exper-
iments and probability to solve uncertainty propagation problem, and it iteratively evaluates a deterministic model using
sets of random numbers as inputs. The fundamental mode shape, obtained from the analytical crack model of cantilever
beam with a single crack of relative depth of 20% and located at 80 mm away from the clamped end, is considered as the
base damage case, to which the normally distributed random noise generated by the Monte Carlo simulation is imposed
to create the pseudo experimental cases with intention to imitate the real experimental cases. To ensure a full-scale assess-
ment, four noise levels of SNR (signal-to-noise ratio) = 80, 100, 120, and 140 are considered to represent macroscopically dif-
ferent environmental conditions, and on each noise level, the population of pseudo experimental cases contains 1000Fig. 7. Increased peak-values of AWCD-WDTs with increased crack depths at the crack location of (a) 100 mm, and (b) 200 mm.
Fig. 8. Peak-value of AWCD-WDTs versus crack depth. (a) For different crack locations of 50, 100, 150, and 200 mm, and (b) The zoomed-in part at the crack
location of 200 mm.
P. Qiao, M. Cao / International Journal of Solids and Structures 45 (2008) 5946–5961 5955samples. The AWCD-MAA as well as LO-SDA is iteratively applied to every sample to carry out crack identiﬁcation, and the
probabilities of correct crack identiﬁcation arose from each algorithm are calculated and compared in reference to each noise
level. Table 1 presents the ﬁnal probability comparison between the AWCD-MAA and LO-SDA, from which it is clear that the
noise immunity of AWCD-MAA signiﬁcantly outperforms that of LO-SDA, especially at the lower SNR levels. In addition, at
each noise level, the ﬁrst a ‘good’ individuals of AWCD-WDTs and second derivatives with regard to the AWCD-MAA and LO-
SDA, where a is the probability of correct crack identiﬁcation regarding the AWCD-MAA, are presented in Figs. 9–12, respec-
tively. Figs. 9–12 provide intuitive contrast of noise immunity between the AWCD-MAA and LO-SDA, and the advantage of
former over the latter is evident. The stronger noise immunity of the AWCD-MAA in comparison to the LO-SDA implies that
the AWCD-MAA is superior to most of the existing techniques (e.g., LO-SDA) for practical crack identiﬁcation.
4.4. Applicability of AWCD/KWD to higher mode shapes
The aforementioned mathematical solution of applying AWCD/KWD to higher mode shapes (see Section 3.3) is exempli-
ﬁed on the second and third mode shapes which can be easily and relatively accurately acquired from experimental
measurement. Again, the mode shapes generated from the analytical crack model of cantilever beam as described in Section
2.1 are used.
4.4.1. The second mode shape
The original second mode shape X is a vector in vector space I, in which the crack location is near to the inﬂexion of mode
shape, as shown in Fig. 13(a). By directly applying the AWCD-MAA to X, the inﬂexion-induced false peak entirely shadows
the crack-induced peak in the AWCD-WDT (see Fig. 13(b)), leading to a failure of AWCD-MAA to identify the crack in beam-
type structures. In this case, a value of 79 is assigned to a to create a linear isomorphism f : I! I, which sets up a spe-
ciﬁc mapping relation as:Fig. 9.
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Fig. 10. The ﬁrst 92.3% ‘good’ individuals of AWCD-WDTs (a) and second derivatives (b) among the populations of SNR = 100 with AWCD-MAA and LO-SDA,
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Fig. 11. The ﬁrst 98.8% ‘good’ individuals of AWCD-WDTs (a) and second derivatives (b) among the populations of SNR = 120 with AWCD-MAA and LO-SDA,
respectively.
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Fig. 13(a). The AWCD-MAA is applied to X* to produce an alternative AWCD-WDT, as shown in Fig. 13(c), in which the crack-
induced peak clearly and accurately indicates the real crack location; while the inﬂexion-induced false peak disappears.
4.4.2. The third mode shape
Another example of applying AWCD-WDT to the third mode shape is provided in Fig. 14, in which the isomorphism is the
same as the one in Eq. (17) except that a different value of 88 is assigned to a. As shown in Fig. 14(b), when the AWCD-
MAA is applied to X, the produced AWCD-WDT is predominated by two false peaks induced by the two modal inﬂexions. The
false peaks entirely shadow the real crack-induced peak, resulting in the failed crack identiﬁcation. On the contrary, the
appealing outcome arose from applying the AWCD-MAA to X* takes on in Fig. 14(c), where the inﬂexion-induced false peaks
vanish and the crack-induced peak is predominated, clearly indicating the crack location.
The other cases on the higher mode shapes are omitted since they can be achieved in a similar fashion as demonstrated
above. If the same procedure is performed with the KWD instead of the AWCD, similar results can be expected. As a result, a
conclusion is drawn that the mathematical solution of using the AWCD or KWD to higher mode shapes is indeed feasible
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Fig. 12. The ﬁrst 99.7% ‘good’ individuals of AWCD-WDTs (a) and second derivatives (b) among the populations of SNR = 140 with AWCD-MAA and LO-SDA,
respectively.
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Fig. 13. Effect of ‘isomorphism’ on crack identiﬁcation illustrated on the second mode shape of a cracked cantilever beam. (a) Original second mode shape X
and its alternative form X* yielded by the isomorphism in Eq. (17); (b) false crack identiﬁcation by applying the AWCD-MAA to X; and (c) successful crack
identiﬁcation by applying the AWCD-MAA to X*.
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sion in crack identiﬁcation of beam-type structures.
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Fig. 14. Effect of ‘isomorphism’ on crack identiﬁcation illustrated on the third mode shape of a cracked cantilever beam. (a) Original third mode shape X and
its alternative form X* yielded by a speciﬁed isomorphism, the same as the one in Eq. (17) except a = 88; (b) false crack identiﬁcation by applying the
AWCD-MAA to X; and (c) successful crack identiﬁcation by applying the AWCD-MAA to X*.
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To further validate the feasibility and practicability of applying the AWCD-MAA to identify crack of beam-type structures,
an experimental program is conducted using an E-glass/epoxy laminated composite cantilevered beam and smart piezoelec-
tric materials as shown in Fig. 15. The cantilevered composite beam specimen was fabricated using vacuum bagging process,
and it has dimensions of length 558.8 mm, width 50.8 mm and thickness of 4.8 mm. It consists of a [CSM/90(0/90)3]S lay-up
with a total 16 layers, of which the thickness of the uppermost and lowermost layers is approximately 0.5 mm while that of
each remaining layer 0.268 mm. A transverse through-width saw-cut notch with 1.0 mm in width and approximate a half of
the beam thickness is introduced to model a real crack, which spans from 299.4 to 301.4 mm away from the clamped end.
Due to special features of smart piezoelectric materials for real-time and in situ damage identiﬁcation, piezoelectric lead–
zirconate–titanate (PZT) actuator and polyvinylidene ﬂuoride (PVDF) sensors are used in active damage identiﬁcation of the
crack in the composite beam specimen. As shown in Fig. 15, the PZT acts as an actuator surface-bonded near the clamped end
of composite beam specimen, and it is used to excite the composite beam using a sweep sine excitation ranging from 1 to
1500 Hz with a magnitude of 110 V. Meanwhile, a group of PVDFs are served as sensors bonded at 19 points with identical
spacing along the composite beam length direction, and they record the output voltages induced by the local deformation in
the region covered by each PVDF. The PZT actuator has the dimension of length 15 mm, width 10 mm, and thickness
0.25 mm; while each PVDF has the dimension of length 30 mm, width 12 mm, and thickness 28 lm. The crack (notch) is near1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
558.8 mm 
299.4 mm 1.0 mm 
PZT  PVDF 
Fig. 15. Layout of PZT actuator and PVDF sensors for testing a cracked composite beam.
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tion of composite beam is illustrated in Fig. 16. For the case of the second mode shape, the acquired output voltage distri-
bution, Z, acquired from PVDFs is presented in Fig. 17.
As the AWCD-MAA is directly applied to the original output voltage distribution Z of the second mode shape, two similar
peaks appear in the AWCD-WDT (see Fig. 18(a)), as a result of adjacent crack and inﬂexion in Z. The peaks make the AWCD-
MAA incapable of locating the crack. The result in Fig. 18(a) convincingly demonstrates that the occurrence of false peak at
the inﬂexion of mode shapes is an inherent drawback of directly applying the AWCD-MAA to higher mode shapes.0 5 10 15 20
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Fig. 17. Measured output voltage distribution, Z, for the case of second mode shape, and its alternative form, Z*, yielded by the isomorphism speciﬁed with
a = 8.
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shape. (a) The AWCD-WDT generated from the original output voltage distribution, Z, and (b) the AWCD-WDT generated from the alternative output
voltage distribution, Z*, yielded from Z using isomorphism.
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Fig. 16. Experimental set-up of crack identiﬁcation for a composite beam using PZT actuator and PVDF sensors.
5960 P. Qiao, M. Cao / International Journal of Solids and Structures 45 (2008) 5946–5961The isomorphism speciﬁed with a = 8 is employed to map the vector space of Z to an alternative vector space Z* (i.e., the
alternative output voltage distribution) (see Fig. 17). The AWCD-MAA is then applied to the alternative output voltage dis-
tribution, Z*, to locate the crack, and the resultant AWCD-WDT is shown in Fig. 18(b). It clearly demonstrates that the loca-
tion of real crack (i.e., near the ninth PVDF sensor point) is correctly identiﬁed by a single dominant peak in the AWCD-WDT.
It thus validates the merits of isomorphism-aided AWCD-MAA, which is a promising and viable technique for locating crack
in beam-type structures when the higher mode shapes are involved due to their sensitivity to damage.
6. Conclusions
A novel waveform fractal dimension-based damage identiﬁcation algorithm is proposed, and its validity for crack iden-
tiﬁcation is demonstrated using a combined analytical and experimental vibration evaluation. A waveform approximate
capacity dimension (WACD) is formulated, from which a modal abnormality algorithm (WACD-MAA) is proposed for locat-
ing and quantifying the crack damage in beam-type structures. The basic characteristics of the AWCD-MAA are thoroughly
investigated using an analytical crack model of cantilever beam. In particular, from the perspective of isomorphism, a math-
ematical solution of applying the WACD/KWD to higher mode shapes is proposed, and it overcomes the inherent drawback
in the existing waveform fractal dimension-based approach, i.e., incapability of locating crack with higher mode shapes. An
experimental program of a cracked composite cantilever beam using smart piezoelectric (PVDF and PZT) sensors/actuators is
conducted to further validate the proposed algorithm, and the results demonstrate favorable feasibility and effectiveness of
the WACD-MAA. The proposed WACD-MAA developed and validated in this study provides a novel, viable non-baseline,
mode shape-based damage identiﬁcation algorithm for crack localization and quantiﬁcation of crack damage in beam-type
structures.
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